ISRAEL JOURNAL OF MATHEMATICS, Vol. 28, Nos. 1-2, 1977

DECIDABILITY OF A PORTION
OF THE PREDICATE CALCULUS

BY
SAHARON SHELAH’

ABSTRACT

We show decidability of the existence of a model (a finite model) for sentences
with the string of quantifiers Vx(3y, - -y.), for a language with equality, one
one-place function, predicates and constants.

Since the predicate calculus was shown undecidable much work has been done
on fragments of it, in particular, restricting ourselves to sentences in prenex
normal form where the quantifier string belongs to a fixed set, and the formula
belongs to a specific language. For instance, the problem of whether ¢ has a
model for

Y E€{(Yxy)3z, - z,)¢: ¢ € L, ¢ quantifier free},

where L is without equality but with constants and some predicate symbols, was
shown decidable by Gédel and Kalmar and Schutte. The answer to the same
problem with equality is still open. For a survey see Gurevich [2] or Dreben and
Goldfarb [1].

Gurevich conjectures decidability for = = {Vx3y, - -y.¢: ¢ € L is quantifier
free} for L containing equality, one one-place function symbol, constants and
predicates; and apart from the problem mentioned above it remained the only
open one. We affirm this conjecture (of course, the problem for (3z,,- -, zi)
(Vx)@3yi, -, y.)¢ is the same).

There is also the problem of finite models. In most cases of decidability, the
existence of a model implies the existence of a finite model (e.g., in Gddel’s
result). But

(Vx)3Fy)32)(f(y)=xrf(z)=xry#z)
has no finite model.
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We again affirm a conjecture of Gurevich that the problem is decidable. Our
results were announced in [4].

Let us try to explain the proof. First suppose ¢ € 7, M E ¢, L has no constants
and M contains no circles (any L-model M is considered as a graph, where a, b
are connected iff a = f(b) or b = f(a), so circles and distance have their natural
meaning). If M’ is a disjoint copy of M, M U M’ is again a model of ¢, moreover,
instances of relations involving elements from M and M’ can be defined
arbitrarily. We can also identify each a € A C M with its copy in M, for a set A
closed under f, and the situation is similar. This leads us to define a weak notion
of satisfiability, k', which means that we are interested in the satisfiability of
R(ay, -, a.) iff for some b, a; = f*(b), n(i) not large compared to . By
repeating the above duplication, we can build from a ='-model of ¢, a real model
of ¢. So it suffices to decide whether there is M, M ¢, which can be expressed
in a language with equality, f and one-place predicates, which is known to be
decidable.

The existence of circles is a minor problem. Instead of demanding above that
n(i) is not too large, we should demand only that the distance of a from b is not
large compared to 4.

If individual constants are present, the situation is more complicated. The
problem is that we cannot duplicate the almost constants (= f"(c), ¢ a constant),
but there may be infinitely many of them. So we introduce a finer weak
satisfaction M %, which means that we avoid almost constants when we can.

For finite models there is some more work (in fact, if in defining M™ we were
thinking of infinite models only, we would not ““identify”” f'®(x), f'®(x), but use
a “‘periodic” component, which would simplify the proof; i.e., we replace (a, v)
by {(a, v, k), k an integer, and define f((f'®(x), v, k)) = (f'“*'(x), v, k + 1)).

M. Rubin asks what occurs if we restrict ourselves to models in which every
circle has length = k,. For infinite models, we get decidability similarly (making
the above-mentioned change in the M* definition). For finite models, by
complicating our proofs we can prove decidability. (Hint: do not use the good
v’s to define M*, but rather define k2 to say they exist, and then prove a parallel
to 17 for finite models by replacing an interval, of almost constants, by a periodic
interval with repetition big enough.) We can also prove that if ¢y € = has a
model, it has a model in which every component contains a circle (of length

= hu(y)).

" Detailed proof of those remarks, of Theorem 1 (somewhat simplified), as well as the functions h,
can be found in the M.Sc. thesis of Mrs. A. Sfard (in Hebrew).
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Let L be a first order language, containing one one-place function f, and
finitely many individual constants ¢; and finitely many predicates R..

MaiN THEOREM 1. Let m. be the set of ¢ €L which have the form
(Vo) Ax1, - -+, X )’ ' is quantifier free. Then:

(A) We can effectively decide whether yy € 7 has a model.

(B) We can effectively decide whether ¢ € m has a finite model.

(C) The decision procedures are primitive recursive.

(D) In (B) there is a primitive recursive bound on the cardinality of the model.

The proof is presented as a series of lemmas and claims. Let  be fixed.
Usually there is no difference whether we ask for a model or for a finite model.

Cramm 2. We can effectively find m (i), ¢: such that:

(A) &, (Vxo) Vi(3Ax: - Xma)s (X0, * ) Xmqiy) aTE logically equivalent; so
w.Lo.g. they are equal.

(B) ¢ = A4, and we shall write ¢ €4 instead of ¢ € {4, j}.

(C) ¢, is of the form R(---,0,°-) or o, =0, or o,= f(o;) or is the
negation of such formulas, where o; is a variable x, (k = m(i)) or an individual
constant (i.e., terms like f(f(x)) do not appear).

(D) Let TR(¢:) be the set of individual constants and variables appearing in
g. If 0,0, TR(Y,) then: o.= 0. € ¢ or 0:# 0, € ¢; and o, = f(o,) or
a, # f(o2) € ¢ such a ¢ is called complete.

So each i defines a natural division of TR(y;) to y;-components; also if
M E [ao, " -+, @m), this division induces a natural partition of {ao, * - *, dm@)} t0
what we call ;-components.

REMARK. Note that though each i is complete, not all individual constants
must appear in it.

DerFmiTION 3. Anelement a in an L-model M is called an almost constant if
for some constant ¢, and natural number n, M k= f"(c,) = a. The almost constant
nearest to x € M is acm(x) (or ac(x)), if it exists.

NortaTioN 4. h, will denote a primitive recursive function from 7 to w:
hid), hs(¥) < hio(¥ 1) << hio(§h, 2) <€ - - < hyo(th, Sm ™) < hu(¢)
< hs(), ho() < ha(¥h), hs(y)

(m*=m*(y)=maxm(i)+1)
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(where < means sufficiently smaller than; the exact function can be determined
by the reader, from the proof).

DerFINITION 5. A simplification of ¢ is a sentence we get by replacing
3x: - Xm)¥ bY Vici(3X:* - Xmuj)¥! where each ! is complete and
(A) Foreachj <j(0)thereisa function g: {x,, - - -, Xm@}— TR (¥) such that

xh ) xm(i)
Fi— Sub U,
gi(x1), - & (Xmwy)

(or, we can assume each conjunct in the second formula appears in the first).

(B) j(0)= hi(y) and yi€ L', where we get L’ from L by adding = h,(¢)
individual constants.

(C) For each j <j(0) at least one of the following conditions holds:

(a) There are less ¢y-components without an individual constant than there
are ;-components without individual constants; and m (i, j) < hy(¢).

(B) The number of y}-components without individual constants is not greater
than the numbers of ;-components without individual constants; and m (i, j) <
m(i).

(y) There is an individual constant ¢ such that x,= ¢ € ¢, but for no
individual constant ¢ does xo=c € ¢; and m (i, j) < hy(¢).

ReMARK. (1) Instead of demanding from ¢/ to be complete, we can some-
what strengthen the bound on j(0).
(2) If j(0)= 0 clearly this is a simplification.

Cramm 6. (A) The number of simplifications of ¢ is = h(¥).

(B) If "' is a simplification of ' for [=0,---,n—1, ¢°=4¢, then
n = hs(¢).

(C) If ¢’ is a simplification of ¢, M E ¢’ then M .

Proor. Trivial.

ConcrusioNn 7. In order to decide when ¢ € . has a [finite] model, it
suffices to decide statements of the form:

“suppose no simplification of ¢ has a [finite] model, does ¢ have a [finite]
model?”

So we make

AssumptioN 8. No simplification of ¢ has a [finite] model, and ¢; “‘says” the
variables are distinct and not equal to the constants appearing in ¢; (except
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possibly on x,); hence for each model M of ¢ and i there are aq, a, - - - such that
ME l//-'[aa, a, - ]

DermniTiON 9. For A, a set of elements of an L-model M, Ilet
Mk, ¢iao, ai, - - -] mean that M k= ;[a,, -] when (A) or (B), where

(A) ¢, is an equality or an inequality,

(B) there is an x; (! £ m(i)) such that every x, which appears in y; satisfies
either (o) or (B):

(o) a« is an individual constant or belongs to A,

(B) x« is in the ;-component of x,;
and for some (natural number) g, M k= f?(a,;) = a« or a is an almost constant.

Remark 10. In (B) we can assume w.l.0.g. that x; appears in ¢;;; notice that
the satisfaction of (B) depends only on the variables appearing in ¢;; and on the
choice of the a,’s, and it holds iff it holds for any subset with two elements.

DeriniTioN 11. (A) MELYy if for each a,&€|M| there are i and
ai, ", Gma € | M| such that

M}=1A lﬁi[a()y ay, "o, am(i)] .

(B) In Definitions 9, 11(A) if we omit A and write ME'{ we mean A is the
set of almost constants.

DerFINITION 12, Let M be an L-model, A C|M|,|A|=m* = max;m (i) + 1.
We define

(A) LizLU{Ol,Qz,Qs}U{aiaEA}

where Q,, Q. are one-place predicates, and Q, a two-place predicate;
(B) M7isan Lj-expansion of M, by interpreting (for 2 € A) (the constant)
a as (the element) a and letting:

Q. ={bE€|M]|: b lies in a circle, i.e. (3n >0) f*(b) = b},
Q.={b€|M]|: b is an almost constant},
Q:={(b,f"(b)): bE|M]|, n>0}
(C) We define C:(M) for i =5m*:
Co(M) = the set of individual constants of M,

C.a(M)={b & M: b is an almost constant of M, defined in M3 by a
formula ¢ (x)€ L§ of length = h (¢, i)};
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(D) Let C=C(M)=(C:(M):i=5m*).
DermnitioN 13, The 5-tuple v = (x, I, I, A, p) is good for an L-model M, if
(A) x€IM|, AC|M|, |A|<m* p=m*,

(B) L>hAy), L> 1L+ hi(y),
(C) for each formula ¢(y) € LAy of length = hq(y)

M:u(x) F ¢ [fll(x )] =e¢ [flz(x)]’

(D) «x is on a circle iff f%(x) is on this circle, and [, is smaller than the length
of the circle.
(E) for each constant ¢, x € {f"(c): m =0} iff

fox)E{fm(c): m =0},

REMARK. As ¢ € LXuy), also fr**(x), f2**(x) are “similar” for small k. In
fact A in the 5-tuple is not necessary.

DEerFiniTION 14, Let M be an L-model of , and we shall define M™:
IM*|=|M|U{a,v): v={(x1,L, A,p) is good for M; and for some n =0,
fr(a)=f>(x), and when f"x) is an almost constant or on a circle
(Ym =n)(f™(a) # fi(x))}. (So clearly (a,v)E|M*|—|M]| implies a is not an
individual constant of M (by Definition 13E).)

We define the relations such that M is a submodel of M™, equality is defined
naturally and when v = (x, 1, l, A, p):

(f(a), v a# fox),
(fr'(x),v)  a=fx).

As for relations, if b, is a; or {a, v;) then

fa,v))= {

M ER[by, -, b] iff ME[a, - a]

except in the following cases:

() Suppose for some v =(x, 1, ,, A, p) for each i, b=a, a. € A UC, or
b, =(a,v),and I C{1,---k},0<|I|<k;ig&]Iimplies that the distance of a; to
f@x)is =m* or bEA UG, and fori €I a; = f'""*(x), k(i)=m*. We
define a/ as a; for i € I, and as f'®@*¥(x) for i € I; and

M*ER[b, -~ b] i MkR[a}, ", ail].

(B) Suppose for some (x,l;, 1, A,p) for each i, bi=a, a, €A UG, or
b ={a,v), v={x, 1, L, A,p), IC{l,---k},0<|I|<k; and i €I implies the
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distance of a: to f'®x is =m* or b € AUC,, and for i €I, a; = f'®@*V(x),
k(i)=m*. We define a; as a; for i € I, and as f'"™*¥(x), for i € I, and

M*&R[b,,---, b] iff MFR[a,--- al].

DEefINITION 15. MEZ where C=(C;: i =5m*), C, increasing sequence of
subsets of | M| and each individual constant of M belongs to C,, if

(A) For every aoE|M| there are i @), ', ams such that
MEEY[ao, - - *, Gmg), which means

(@) MEc,difao, -, ame)-

(B) 1If among {a, f(a): x; is in the ¥ -component of x,} there is no almost
constant then: if a,[f(a)] is not in C,, then it is not an almast constant.

(y) If among {a, f(a:): x: is in the ;-component of x.} there is an element of
Ciayy kK(1)=3m*™ then there is k, k(1)< k <k(1)+ m* such that

O A{ac(a):1=m@@}N(C.i— C) =D (see Definition 3),

(i) each ac(a;) which is not in G, is not an almost constant,

(iit) and if in the ¢;-component of x, there is no constant and in {ac(a):
X0y € Yi-component of x;} there is no element of C. then a lies in an
M-component without constants,

(iv) Mk difa -]

(8) If noelement of {a; f(a;): x; is in the ¢, -component of x.} is in Cs,.- but at
least one is an almost constant and {ac(a)): I}N(Ceri— G) =, 1<k <3m?*,
and x, is not in the -component of x,, and ac(a;) € C. then ac(a;) is not an
almost constant, and

MEg dilas, ai,- ).

ReEMARK. Note that up to now the only difference from ME' ¢ is in (3). Note
that (B), (v), (8) are exclusive, and always one of them holds. The other parts of
the definition are inessential.

(B) If T={x,, --,x,}is a ¢-component with no individual constant, then
there are distinct elements af,,--- (p =m*) of M from an M-component with
no individual constant such that f(af,)# al,, MK'¢/[al, -, a}], where
g, )=¢ | T=nr{¢: ¢ €Y, and in ¢ there appear only x,, -+, x, and
individual constants}. Also {af,---,af}N{at,---,al}=if p#q.

(C) If x,, -, x, are the variables of some ¢s-component T, then there are
distinct af,--- (p=m*) which are not almost constants, and
ME"¢[ab, -, af). Also {a%,---,al}N{al, - -, al}=Dif p#£q.

(D) Each G consists of almost individual constants, and if ¢ is an almost
constant whose distance from Cy is =2m*, then ¢ € C,.,, and | G | = hyo(i, k).
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THEOREM 16. If M= ¢ then M* =2y (C as defined in Definition 12C).

Proor. We check the parts of Definition 15.

Part (B). Let T={x,, -, x,} be the -component without constants.

Case (i). There are in M af,, - -, a} (p = m*) satisfying ¢ which are from a
component without constants. Trivially M™ satisfies it.

Case (ii). Not (i) but there are ay, - -+ € m satisfying ¢ whose distance from
almost constants is = h,(), and in their M -component there is a constant. Then
we can find a v, ={x,1,, L, &, p) (p =m*) good for M, such that {a,, -} C
{b: @n)f"(b) = f"(x)} and f"(x) is not an almost constant nor on a circle. It is
easy to check that (a,,v,), -, {a,, v,) are as required.

Case (iii). Neither (i) nor (ii), but there is an individual constant ¢, and
0<q0)<q)< ---<q(hi(y)), and for each r < h,(¢) there are ai,,- -+, aj,
satisfying [ such that

{ai,,- - al}C{b: @n)[f ()= ()nfr'(B) £ 1N (O]}
It is easy to find a v, =(x,1,,,,J,p) (p =m*) good for M, and O0=r,<r, <
hi(¥) such that fhx)=f*?"'(c), fx)=f""""(x). Hence (ay,v,), ",
{(a,,v,) € M will prove the assertion.
Case (iv). None of the above. By not (i), there are d, (p = m(i)’) such that
ME ¢la,, -] implies {a,,- -} and {d,: p <m(i)’} are not disjoint.

Suppose Mk ¢[[a,, -] and a, is in a component of M with an almost
constant, and let d = d(a,, -, a,) be the nearest one. So (by not (ii)) the
distance of d to a,, - is = hy(¢). If (by not (iii)) the number of possible

d(a,---) is =h(¢)|L| we can find a simplification of ¢ with a model: we
replace (3x,-- )¢ by

@x1 X)W A V() = do: n = () + m (i), p=h(P)|L]+mG)D.

So there are = h,(i) possible d’s. For each d there is an individual constant
¢ = c(d) such that d €{f"(c): n =0}, so for some ¢ we have h,(¢) d’s, and this
contradicts not (iii).

Part (C). Similar to (B) with cases (i) and (iv) (with simpler proof) only.

Part (D). Trivial.

Part (A). Let a,€|M"|, and we should find suitable i, a,,"--.

Case (i). ao={(a’ v), a°€|M]|. So, as M i, there are i, a',- - - € M such
that ME=di[a®,- - -,a™"].Let T(0), T(1),- - -, T(r) be they;-components, x, € T,.
Let ¢7@ = ¢ x4y, - - *) and if T(q) (q > 0) has no constant, by part B there
are i), - - - satisfying ¢ from a component without constants. If T(q)

(q > 0) has constants we can find by part (C) @i - * * satisfying ¢, which are
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not almost constant. As in B, C we have m* such possible disjoint choices, we
can ensure there will be no accidental indentification.

For T(0), we usually choose a0 = (a'™”

,v) and clearly if this definition is
possible, the conclusion of part A holds. In the remaining case the distance of a,
to f(x) or to f%(x) is = m*; this we leave to the reader (look carefully at the
exceptions in Definitions 14).

Case (ii). ao€|M]|, and in {a, f(a;): x; is in the ¢,-component of x,} there is
no almost constant. () of Definition 15, part A applies to this case, and the proof
is like the previous one.

Case (iii). a,€ M and among {a, f(a,): x, is in the ;-component of x,} there
is an element of Cy, k(1)=3m™*,

In this case there is minimal k, k(1)< k < k(1) +2m™*, such that {ac(a;): | =
m (i} N(Cen— C)=. Let T(0), T(1),---, T(r) be the ¢-components, and if
Ci N{ac(a): x1 € T} # D we define ai=a. Let A ={a,," ", @i} N Ci; and if
{ac(a)): x, € T(q)}N C. =, we find a good v =(x,1,, 1, A, q), such that for
x; € T(q), (a, v) € M", and the distance of a, from f'(x), and from f'®(x) is at
least 2m*. Then we let a;=(a, v).

Notice that if T(g) contains a constant {a;: x; € T,, 4, an almost constant} C C,
hence (y) of Definition 15A holds.

Case (iv). None of the above. This parallels (8) of Definition 15A, and no
new idea is needed.

THEOREM 17. If there is an M, MEZ{ then there is an M, M = .

We prove some claims.

Cramm 18. (A) The classes {M: ME' ¢} and {M: M2} are closed under
increasing unions.

(B) If M Q N, ay c M, MF&))(BVXI, ct Yy x,,,(,-))l,b.-(ao, Xy, * " ) [hen
NFEL\))(BXI e ')l//(ao, Xy, )
(C) If ME:yY, M C N, then NEZy iff it satisfies part A of Definition 15.

Proor. Trivial.

Cram 19. Suppose MEEy, and N is defined such that
(i) |IN|={(a,p): p=pd, (po an ordinal) we identify (a,0) with a, and if
a € B3 U Ci.,- we identify (a, p) with a, where

B,={a € M: in the M-component of a there are no constants},
B.={a€M: a& B, ac(a) € Cin-},

B;=]M|——B,UBz,
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(i) M is a submodel of N;

(iii) f((a, p)) ={f(a), p) (this is compatible with the definition of equality);

(iv) Let ai,-,a.€EM, R(x1," ", x.)EL, p=p,, A={a,, -, a,}~ Csp-
lies in one component which contains no constant, then

MER[ay, -, a:] iff NER[a,p), - -(a.p);
(v) ifa, -, a.€B:UCsme, R(x),---,x,)EL, p=p, then
MFR[al".'aan] lﬂ N’=R[<ahp>’..'9<an’p>];

(vi) the instances of relations not defined previously are absolutely arbitrary.
Then NEZy.

Proor. By claim 18C it suffices to check part A of Definition 15.
Case 1. a, € M. Trivial by (ii).

Case II. a,=(a’, p), a°€ B,, p>0. Clearly there are i, a',---,a™" €M
such that Definition 15A (a)-(3) are satisfied. As a° lies in a component without
an individual constant, no a' is an almost constant and for every i if ac(a‘)is an
almost constant, ac(a') € C,.- (by (B) of Definition 15A) hence no a' is in Bs.
By (o) MG i[ao, -+, amw] hence by (iv) Negii[(a’, p), (a',p), -], and
clearly Definition 15A holds.

Case 1. a,=(a’,p), a’€ B,, p >0. So there are i, a',- - -, a™" satisfying
Definition 15A («)-(3). If A ={a,, f(a:): x; belongs to the y;-component of x,}
contains no almost constant, we have finished. In other cases, as a° € B,, in A
there is an element of Cs.... So by Definition 15A (y) there is a proper k <3m*.
Define a;: if x; lies in a ¢;-component without constants, and ac(a;) & C. then
a; = a'. Otherwise a, = (a’, p).

Cramm 20. If M2y, then there is an N, M C N, NE' .

Proor. Let B, B, Bsbe as in Claim 19, B; = {a5: 0 < a = p(0)}. For each «
choose k(a), i(a), af, -+, ai as in Definition 15A. Define N as in Claim 19
and correct it so that NE' ¢o)[as, (af, a), - - -, (@), a)]. Changes are made only
in case (8) of Definition 19A, and we can choose k(a)<2m*.

Clearly the correction does not contradict (i}-(iv), so still N=&y. However, as
remarked in Definition 19A, the only case there in which we do not get
ME"Yi[ao, -+ -] is (3), |N|—|M] is disjoint to B:(N) (defined naturally) so we
have just taken care of all such possibilities.

CrLamm 21. Let ME'Y, b € M, a an ordinal. We define M;:
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(i) Mi={ap) a €M, p <a}, but we indentify (a,0) with q, and if a is an
almost-constant we indentify (a, p) with a, and if a € {f"(b): n = 0} we identify
{a,1) with a;

(i) MC Mg

i) f(a p) = (f(a).p);

(iv) fp<a,a,---,a.€M, R(x,---x,) € L and there is a, such that each
a, satisfies

(a) a is an almost constant, or

(B) a €{f"(ar): n =0} and the distance between a; and a, is <m?*, then
M:E R[{a,p), (@, p)] ff MER[a,,- -, a.];

(v) the other instances of relations are arbitrary.

Then MikE'.

Proor. By checking.
Cramm 22. If ME'y, ME"§i{ao, ai, - -], then there is N, M C NE', and

a;, TV, a,',.(,-) SUCh that N ”'_' (zf,'[a(), ai, tery, a,',.(;)].

Proor. Let M'= M7 be as in Claim 21, let T,, T,,---, T, be the ;-
components x, € To. We define the a: if x; € T\, a;= (a, k + 1). Now change M’
to N just to make i[ao, ai, -+, ann] hold; and it is easy to check that the

conditions of Claim 21 still hold.

ProoF of THEOREM 17. By Claim 20 there is M, ' ¢; by repeating Claim 22,
and remembering Claim 18A we get M.FE ¢.

THEOREM 23. For each i, we can effectively find a sentence ¢, such that

(1) @y is a monadic sentence in Lo, L, contains =, f, the constants of L, and
the following one-place predicates: Qw, when W ={(R(xy, ", Xy, ), X, T)
where T is a ;-component for some i; Q. (= elements of circles) and for each
c € Co, Q- ={f"(c): nz0}

(2) there is an M, ME:y iff there is a model for ¢,;

(3) there is a finite model M, M2 iff there is a finite model of ¢,.

Proor. Easy, left to the reader.

ProoF oF MaIN THEOREM 1 ParRT A. We can make Assumption 8. By
Theorems 16 and 17, there is an M such that M k= ¢ iff there is an M, M=%y ; so
by Theorem 23 this is equivalent to the existence of a model for ¢,. As the
monadic theory of one function symbol with one-place f and one-place
predicates is decidable (see [3] for countable models, which is the case we need),
we finish.
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ProorF oF MaIN THEOREM 1 PARTB.  As for every finite M, M ™ is finite (check
Definition 14), and as also the theory of finite models of one-place function
symbols with one-place predicates is decidable, what is missing is only the
parallel to Theorem 17 for finite models. It is easy to check that also in Claims
19, 20 we can preserve finiteness.

DeFINiTION 24. (A) For a € M, h(a, M) is the distance of a from the set of
almost constant and elements of circles,

(B) hA(M)=max{h(a,M)+1: a € M},

(©) H(M)={a: h(a, M)=i},

(D) MEi¢ if MEL Yy where A = H;(M).

Lemma 25. If ME'{ is finite, then there is N, M C N, N finite, NE§,
h(N)=h(M).

Proor. We shall define p(0) later, and let us define M, just as in Claim 21,
but [M*|={(a,p): a € M, p = p(0)}, and (a, p) is identified with a whenever
a & B, i.e. in the M-component of a there is a constant.

Let [M|={a": a <|M]|}, and for each « there are i = i(a) and af, -, amw
such that ME"¢i{a% af,--*]. Let To,---, T,s be the y;-components of ¢,
%€ T. T, -, Ty have constants, Tyiy.1,- -, Ty do not have constants. We

shall define functions g(a, p,1) (e <[|M||, p = p(0), = m*) into {p: p =p(0)},
and change M, to N just so that for each a, p

NEohiwl(a®, p),(at, g(a, p, 1)), (a3, g(a, p,2)), - - ).

Sufficient demands on g are

(o) if af € By, i = i(a) then g(a,p,1)=0,

®B) if ai€ B, i =i(a) then g(e, p, 1) #0,

(y) ifl€ T, i=i(a),then g(a,p,1)=p;and xiq), X1 € T4 iff g(a, p, (1)) =
g(a,p.1(2),

() in the other cases g(a, p,!) is not defined,

() if {gla,p,l): I=m*IN{g(az,p:1): 1=m*}—{0} has at least two
elements, then a; = a,, pi = p..

Such choice is known.

Lemma 26. Let M be finite, BC A = H{(M), C=A U{c €|M]: f(c)E€ B}
and let a € A — B and suppose M=ci. Then there is a finite model N, M C N,
such that

(A) H(M)=H(N),

(B) if bEB,{cEN: f(c)=b}={c € M: f(c)= b},

(C) NEcayy where C(1)= CU{c € N: f(c)= a}.
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Proor. Similar to Lemma 25.
Concrusion 27. If there is a finite M=% then ¢ has a finite model.

Proor. By Claim 22, Theorem 23 and Lemma 25 we can assume there is a
finite My, Myk) .

We now prove by induction on k =h(M,) that there is a finite My, M-, C M,,
h(M.)= h(M,), M .. For a fixed k let H.(M\)={a.: a <a(0)} and we
define by induction on a = «a(0) a finite M, such that My = M,, MiC M;"},
H (M) = H,(M,) and M{F}., & where

Ak, a)= H((M)U{c: f(c)E{as: B < al}.

The induction step is by Lemma 26, and M., = M. So we finish Conclusion
27, hence Main Theorem 1B.

ProoF oF MaIN THEOREM PARrTs C, D. Left to the reader.
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